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Abstract
In the linear time domain computation of a floating body advancing at a dynamic speed,
the source formulation for the velocity potential of the hydrodynamic problem is commonly
used so that the velocity potential is expressed as the integral of time domain free surface
sources distributed on the two-dimensional wetted body surface and the one-dimensional
waterline, which is the intersection of the wetted body surface and the mean free water
surface. A time domain free surface source is corresponding to the time domain free surface
Green function associated with a suitable source strength, which is to be solved from body
boundary condition and normal velocity boundary integral equation of the source formula-
tion.
The normal velocity boundary integral equation contains an integral of the normal deriva-
tive of the time domain free surface Green function on the waterline. It is shown that the
waterline integral is ill-posed. Thus the source strength of velocity potential is not obtain-
able.
Keywords: Time domain free surface Green function, potential flow, waterline integral,
surface piercing body, translational wave body motion, source formulation
1. Introduction
With the rapid development of computing capacity, the dynamic behaviour of a ship
advancing in waves has been increasingly predicted in satisfactory manners. Nonlinear time
domain methods are more and more displacing linear time domain methods in numerical
simulations. However, if we consider fluid motion problem from the viewpoint of rigorous
analysis, the situation is quite different. It is the purpose of the present paper to show a
troublesome in a linear time domain method with respect to the integral on the waterline
contour, the intersection between the ship surface and the mean water surface.
As a fundamental formulation in hydrodynamics, the velocity potential of the wave-
body motion problem is expressed as an integral of the time domain free surface sources
distributed on the mean wetted body surface and the waterline contour. The time domain
free surface Green function at a source point represents the potential of a free surface source
with the unit strength.
From [2, 3, 10, 17], the time domain free surface Green function with respect to a field
point q = (x, y, z) and a source point p = (ξ, η, ζ) is expressed as
Gˆ(q,p, t− τ) = δ(t− τ)|q− p| −
δ(t− τ)
|q− p¯| +H(t− τ)G(q,p, t − τ). (1)
Here p¯ = (ξ, η,−ζ) is the image of p, H is the Heaviside step function, δ is the Dirac delta
function and G is the wave integral
G = 2
∫ ∞
0
√
gk sin
(
(t− τ)
√
kg
)
ek(z+ζ)J0(k|(x, y)− (ξ, η)|)dk, (2)
where g is the gravitational acceleration and J0 the zero order Bessel function of the first
kind.
For simplicity, we consider a surface piercing body advancing at a dynamic speed U =
U(t) > 0 in the positive Ox direction. This gives rise to the dynamic fluid domain D(t) and
the mean wetted body surface SB(t) upper bounded by the linear free surface z = 0. The
governing equation of the fluid motion problem for the velocity perturbation potential φ is
the Laplace equation
∆φ = 0 in D(t). (3)
The function φ can be evaluated uniquely due to the linear free surface boundary condition
∂2φ
∂t2
+ g
∂φ
∂z
= 0 on the mean free surface z = 0, (4)
the initial value condition
φ|t=0 = 0, ∂φ
∂t
∣∣∣∣
t=0
= 0, (5)
the boundary condition at the infinity
lim
q∈D(t), |q|→∞
∇φ = 0, (6)
and the body boundary condition
∂φ
∂n
= (U, 0, 0) · n on SB(t), (7)
where n = (n1, n2, n3) denotes the unit normal vector field of SB(t) pointing into the body.
As in [12, 14] in the extension of the Brard [4] waterline integral, the application of
Green’s theorem and the conditions (3)-(6) implies that the velocity potential φ of the fluid
motion satisfies the following boundary integral equation
4πφ(q, t) +
∫ t
0
dτ
∫
SB(τ)
(
φ(p, τ)
∂Gˆ(q,p, t− τ)
∂np
− Gˆ(q,p, t− τ)∂φ(p, τ)
∂np
)
dS
= −1
g
∫ t
0
dτ
∮
Γ(τ)
(
φ(p, τ)
∂G(q,p, t − τ)
∂τ
−G(q,p, t− τ)∂φ(p, τ)
∂τ
)
UN(p, τ)dS (8)
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for a field point q ∈ D(t), the waterline contour Γ(t) = SB(t) ∩ {p = (ξ, η, ζ); ζ = 0} and
the two-dimensional normal velocity UN = (U(τ), 0) · (n1, n2) of Γ(τ). The contour integral
is in the anticlockwise direction. As shown in (8), the integrand of the waterline integral
involves the time derivative ∂τφ which leads to difficulty in computing φ from the integral
equation (8). However, it was suggested by Beck and Magee [3] that it is convenient to use
the source formulation of (8) expressed in the following form
4πφ(q, t) +
∫
SB(t)
(
σ(p, t)
|q− p| −
σ(p, t)
|q− p¯|
)
dS +
∫ t
0
dτ
∫
SB(τ)
σ(p, τ)G(q,p, t − τ)dS
=
1
g
∫ t
0
dτ
∮
Γ(τ)
σ(p, τ)G(q,p, t − τ)Un(p, τ)UN(p, τ)dS (9)
for field point in the fluid domain q ∈ D(t), the unknown source strength σ and the three-
dimensional normal velocity Un = (U, 0, 0) · n of Γ(τ). This source formulation (see [14] for
details) is derived from (8) together with the existence of the Dirichlet problem as in Lamb
[11]. Applying the normal derivative to (9) with q moving to the body boundary SB, we
may obtain the following boundary integral equation
4π
∂φ(q, t)
∂n
+ lim
qˆ∈D,qˆ→q
∫
SB(t)
σ(p, t)
∂
∂nq
(
1
|qˆ− p| −
1
|qˆ− p¯|
)
dS
+
∫ t
0
dτ
∫
SB(τ)
σ(p, τ)
∂G(q,p, t − τ)
∂nq
dS
=
1
g
∫ t
0
dτ
∮
Γ(τ)
σ(p, τ)
∂G(q,p, t − τ)
∂nq
Un(p, τ)UN(p, τ)dS. (10)
The source strength σ is determined by body boundary condition (7) and the boundary
integral equation (10).
When q ∈ Γ(t), the Rankine Green function part 1|q−p| − 1|q−p¯| = 0 and so (10) reduces
to
4π
∂φ(q, t)
∂n
+
∫ t
0
dτ
∫
SB(τ)
σ(p, τ)
∂G(q,p, t − τ)
∂n
dS
=
1
g
∫ t
0
dτ
∮
Γ(τ)
σ(p, τ)
∂G(q,p, t − τ)
∂n
Un(p, τ)UN(p, τ)dS. (11)
Thus the source strength σ on the waterline Γ is determined by (11) associated with the
body boundary condition (7).
Therefore to evaluate the velocity potential φ of the linear hydrodynamics problem (3)-
(7) (see, for example, [2, 3, 12, 14]), one has to provide Green function approximation
[7, 8, 9, 13, 14, 16] of G and then derive the source strength σ from the combination of the
body boundary condition (7) and the body boundary integral equations (10) and (11) with
respect the field point q ∈ SB(t) ∪ Γ(t). To do so, it is necessary to evaluate the waterline
integral involved in the boundary integral equation (11). The difficulty on the numeral
evaluation of the waterline integral is well known but the rigorously analytic discussion
on the integral is missing. In contrast to earlier investigations based on well-posedness
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assumption of the boundary integral equation, we show the waterline integral on the right-
hand side of (11) is unbounded around a field point q ∈ Γ(t) whenever the body surface
SB(t) at q is not perpendicular to the mean free surface z = 0.
The wave-body motion problem can also be modelled mathematically by using frequency
domain free surface Green functions if the body is advancing at a uniform speed. Therefore
the velocity potential of the fluid motion problem can be derived numerically based on the
numerical evaluation of the frequency domain free surface Green function (see [5, 6]).
Now we begin with the understanding of the Green function on the free surface.
2. The Green function on the waterline
The wave integral G of the Green function is harmonic and hence is smooth in the fluid
domain z < 0. However this smoothness property is not extendible to the free surface z = 0.
The analytical behaviour of G in z < 0 is quite different to that on z = 0. For the limit
situation when both field and source points are in the mean free surface or z = ζ = 0, the
wave integral reduces formally to
G = 2
∫ ∞
0
√
gk sin
(
(t− τ)
√
kg
)
J0(kR)dk (12)
= 2
√
g
R3
∫ ∞
0
√
λ sin
(
s
√
λ
)
J0(λ)dλ (13)
for R = |(x, y)− (ξ, η)|, λ = kR and s = (t− τ)√ g
R
.
It has been displayed in [17, Equations. (22.18), (22.19) and (22.21)] that the dimen-
sionless wave integral can be expressed by using Bessel functions of the first kind:∫ ∞
0
√
λ sin
(
s
√
λ
)
J0(λ)dλ =
πs3
16
√
2
(
J 1
4
(
s2
8
)
J− 1
4
(
s2
8
)
+ J 3
4
(
s2
8
)
J− 3
4
(
s2
8
))
. (14)
This, together with the asymptotic expression [1]
Jα(λ) ∼
√
2
πλ
cos
(
λ− απ
2
− π
4
)
for large λ > 0, (15)
implies the asymptotic expression∫ ∞
0
√
λ sin
(
s
√
λ
)
J0(λ)dλ ∼ s√
2
sin
(
s2
4
)
for large s > 0 (16)
or
G ∼
√
2
g(t− τ)
R2
sin
(
(t− τ)2
4
g
R
)
for large t− τ > 0. (17)
The comparison between the left-hand and right-hand sides of (16) is presented in Figure 1,
which shows a good agreement except a small deviation around s = 3.
In this paper, we need the wave integral for small s > 0. Although Figure 1 shows that
the wave integral on the right-hand side of (16) agrees well with the analytic function on
4
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Figure 1: Comparison between the numerical dimensionless wave integral
∫∞
0
√
λ sin
(
s
√
λ
)
J0(λ)dλ (solid
lines) and its analytic asymptotic expression s√
2
sin( s
2
4
) (points lines) when for 0 < s < 30 (a) and 0 < s < 6
(b).
the right-hand side of (16) for small s, we would like to use an alternative expression of the
wave integral by using the following Taylor expansion [1, Equation 9.1.14] of the the Bessel
functions multiplication
Jα(λ)J−α(λ) =
∞∑
k=0
(−1)k(2k)!(λ2 )2k
Γ(k + α+ 1)Γ(k − α+ 1)(k!)2 . (18)
The combination of the previous formula and the wave integral (14) yields the Taylor ex-
pansion
G
2
√
g
R3
=
πs3
16
√
2
(
J 1
4
(
s2
8
)
J− 1
4
(
s2
8
)
+ J 3
4
(
s2
8
)
J− 3
4
(
s2
8
))
=
πs3
16
√
2
∞∑
k=0
1
(k!)2
(
(−1)k(2k)!( s216 )2k
Γ(k + 14 + 1)Γ(k − 14 + 1)
+
(−1)k(2k)!( s216 )2k
Γ(k + 34 + 1)Γ(k − 34 + 1)
)
and hence
G =
πg2
8
√
2
∞∑
k=0
(t− τ)4k+3
R2k+3(k!)2
(
(−1)k(2k)!( g16 )2k
Γ(k + 14 + 1)Γ(k − 14 + 1)
+
(−1)k(2k)!( g16 )2k
Γ(k + 34 + 1)Γ(k − 34 + 1)
)
. (19)
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This gives rise to the following partial derivatives
∂2G
∂t2
=
πg2
8
√
2
∞∑
k=0
(4k + 3)(4k + 2)(t− τ)4k+1
R2k+3(k!)2
(
(−1)k(2k)!( g16 )2k
Γ(k + 54 )Γ(k +
3
4 )
+
(−1)k(2k)!( g16 )2k
Γ(k + 74 )Γ(k +
1
4 )
)
(20)
and
∂G
∂R
= − πg
2
8
√
2
∞∑
k=0
(2k + 3)(t− τ)4k+3
R2k+4(k!)2
(
(−1)k(2k)!( g16 )2k
Γ(k + 54 )Γ(k +
3
4 )
+
(−1)k(2k)!( g16 )2k
Γ(k + 74 )Γ(k +
1
4 )
)
(21)
to be used in the analysis on the waterline integral.
3. Ill-posedness
For the surface piercing body advancing at a continuous dynamic speed U = U(t) > 0
in the positive Ox direction, the waterline at τ is expressed as
Γ(τ) = Γ(0) + (
∫ τ
0
U(s)ds, 0, 0). (22)
For a field point q ∈ Γ(t) initially from q0 ∈ Γ(0), the wave integralG(q,p, t, τ) is continuous
with respect to (p, τ) except at the singular point (p, τ) = (q, t). For the unboundedness of
the waterline integral on a small panel [p′,p′′]× [t− ǫ, t] covering the singular point (q, t),
the dynamic behaviour of the panel elements are specified as
q = q0 + (
∫ t
0
U(s)ds, 0, 0) ∈ Γ(t),
p′ = q0 + tǫ+ (
∫ τ
0
U(s)ds, 0, 0) ∈ Γ(τ),
p′′ = q0 − tǫ+ (
∫ τ
0
U(s)ds, 0, 0) ∈ Γ(τ),
p = q0 + tl + (
∫ τ
0
U(s)ds, 0, 0) ∈ Γ(τ),
t = (t1, t2, 0)− the unit tangential vector of Γ(0) at q0
for t > τ > t − ǫ > 0 and −ǫ < l < ǫ. Assume the tangential component t2 6= 0 and Γ(0)
being smooth at q0 so that the small panel of Γ(0) can be approximated by a small segment.
The waterline integral on the right hand side of (10) restricted the the single panel part is
1
g
∫ t
t−ǫ
∫ p′
p′′
σ(p, τ)
∂G(q,p, t − τ)
∂nq
Un(p, τ)UN(p, τ)dSdτ
=
1
g
∫ t
t−ǫ
∫ ǫ
−ǫ
σ(p, τ)
∂G(q,p, t − τ)
∂nq
Un(p, τ)UN(p, τ)dldτ
=
σ(q, t)(n1U)
2
g
∫ t
t−ǫ
∫ ǫ
−ǫ
∂G(q,p, t− τ)
∂nq
dldτ, (23)
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after the use of the smallness assumption of ǫ > 0 and the continuity of σ and U . It suffices
to show the unboundedness of the panel integral of ∂G
∂n
:
∫ t
t−ǫ
∫ ǫ
−ǫ
∂G(q,p, t− τ)
∂nq
dldτ
=
∫ t
t−ǫ
∫ ǫ
−ǫ
(
(n1, n2, 0) · q− p
R
∂G(q,p, t− τ)
∂R
+ n3
∂G(q,p, t− τ)
∂z
)
dldτ
=
∫ t
t−ǫ
∫ ǫ
−ǫ
(n1, n2, 0) · q− p
R
∂G(q,p, t− τ)
∂R
dldτ − n3
g
∫ t
t−ǫ
∫ ǫ
−ǫ
∂2G(q,p, t− τ)
∂t2
dldτ (24)
due to the free surface boundary condition (4) of the Green function.
Upon the observation
1
R
=
1
|q− p| =
1√
(t2l)2 +
(
−t1l +
∫ t
τ
U(s)ds
)2 , (25)
we find that
1
R
≤ 2∫ t
τ
U(s)ds
when |t1l| < 1
2
∫ t
τ
U(s)ds
and
1
R
≤ 2|t1|
|t2|
∫ t
τ
U(s)ds
when |t1l| ≥ 1
2
∫ t
τ
U(s)ds
lead to
1
R
≤ 2
(
1 +
|t1|
|t2|
)
1∫ t
τ
U(s)ds
≤ 2
U−
(
1 +
|t1|
|t2|
)
1
t− τ (26)
for U− = mint−ǫ≤s≤t U(s). This implies, for small t− τ > 0,
(t− τ)2
R
≤ 2
U−
(
1 +
|t1|
|t2|
)
(t− τ) = O(t− τ). (27)
Therefore, the application of the estimate (27), the Gamma function identity [1, Equation
6.1.31] and the smallness of the quantity t − τ into the partial derivatives (20) and (21)
yields
∂2G
∂t2
=
3πg2(t− τ)
4
√
2R3
(
1
Γ(14 + 1)Γ(1− 14 )
+
1
Γ(34 + 1)Γ(1− 34 )
+O((t− τ)2)
)
=
3πg2(t− τ)
4
√
2R3
(
sin π4
π
4
+
sin 3π4
3π
4
+O((t − τ)2)
)
=
2g2(t− τ)
R3
+O(1) (28)
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and
∂G
∂R
= −3πg
2(t− τ)3
8
√
2R4
(
1
Γ(14 + 1)Γ(− 14 + 1)
+
1
Γ(34 + 1)Γ(− 34 + 1)
+ O((t− τ)2)
)
= −3πg
2(t− τ)3
8
√
2R4
(
sin π4
π
4
+
sin 3π4
3π
4
+O((t− τ)2)
)
= −g
2(t− τ)3
R4
+O(t − τ). (29)
Let us begin with the estimate of the panel integral of the partial derivative ∂
2G
∂t2
. Note
that
dR ≤ |dR| = |(q− p) · (−t)dl|
R
≤ dl.
With the use of (28), the half panel integral is calculated as
∫ t
t−ǫ
∫ ǫ
0
∂2G(q,p, t− τ)
∂t2
dldτ =
∫ t
t−ǫ
dτ
∫ ǫ
0
2
g2
R3
(t− τ)dl +O(ǫ2)
≥
∫ t
t−ǫ
dτ
∫ ǫ
0
2
g2
R3
(t− τ)dR +O(ǫ2)
=
∫ t
t−ǫ
[
− g
2(t− τ)
|tǫ+ ∫ t
τ
U(s)ds|2
+
g2(t− τ)
| ∫ t
τ
U(s)ds|2
]
dτ +O(ǫ2)
≥
∫ t
t−ǫ
[
−g
2(t− τ)
|t2ǫ|2 +
g2(t− τ)
| ∫ t
τ
U(s)ds|2
]
dτ +O(ǫ2)
≥
∫ t
t−ǫ
[
−g
2(t− τ)
|t2ǫ|2 +
g2
U2+(t− τ)
]
dτ +O(ǫ2)
= − g
2
2|t2|2 −
[
g2 ln(t− τ)
U2+
]τ=t−0
τ=t−ǫ
+O(ǫ2)
for U+ = maxt−ǫ≤s≤t U(s).
Similarly, we have the result for another half panel integral
∫ t
t−ǫ
∫ 0
−ǫ
∂2G(q,p, t− τ)
∂t2
dldτ =
∫ t
t−ǫ
dτ
∫ 0
−ǫ
2
g2
R3
(t− τ)dl +O(ǫ2)
≥ − g
2
2|t2|2 −
[
g2 ln(t− τ)
U2+
]τ=t−0
τ=t−ǫ
+O(ǫ2). (30)
Hence, we have the whole panel integral result for the second time derivative of G
∫ t
t−ǫ
∫ ǫ
−ǫ
∂2G(q,p, t− τ)
∂t2
dldτ ≥ − g
2
|t2|2 −
[
2g2 ln(t− τ)
U2+
]τ=t−0
τ=t−ǫ
+O(ǫ2). (31)
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On the other hand, observing that
1
R
≤ 1√
(t2l)2 +
1
4 (
∫ t
τ
U(s)ds)2
≤ 1√
|t2l|
∫ t
τ
U(s)ds
when |t1l| < 1
2
∫ t
τ
U(s)ds,
and
1
R
≤ 1|t2l| ≤
√
2|t1|√
|t2l|
∫ t
τ
U(s)ds
when |t1l| ≥ 1
2
∫ t
τ
U(s)ds,
we have
1
R
≤ 1 +
√
2|t1|√
|t2|U−
1√
|l|(t− τ) . (32)
and hence, by (26),
(t− τ)3
R4
≤
(
2
U−
(
1 +
|t1|
|t2|
))3
1 +
√
2|t1|√
|t2|U−
1√
|l|(t− τ) . (33)
Thus by (29) and (33), the panel integral involving the horizontal derivative ∂G
∂R
is cal-
culated as ∣∣∣∣
∫ t
t−ǫ
∫ ǫ
−ǫ
(n1, n2, 0) · q− p
R
∂G(q,p, t− τ)
∂R
dldτ
∣∣∣∣
≤
∫ t
t−ǫ
∫ ǫ
−ǫ
∣∣∣∣∂G(q,p, t− τ)∂R
∣∣∣∣ dldτ
=
∫ t
t−ǫ
dτ
∫ ǫ
−ǫ
(
g2(t− τ)3
R4
+O(t − τ)
)
dl
≤ g2
(
2
U−
(
1 +
|t1|
|t2|
))3
1 +
√
2|t1|√
|t2|U−
∫ t
t−ǫ
∫ ǫ
−ǫ
dldτ√
(t− τ)|l| +O(ǫ
3)
= 8ǫg2
(
2
U−
(
1 +
|t1|
|t2|
))3
1 +
√
2|t1|√
|t2|U−
+O(ǫ3). (34)
Therefore the combination of (24), (31) and (34) gives the estimate∣∣∣∣
∫ t
t−ǫ
∫ ǫ
−ǫ
∂G(q,p, t− τ)
∂n
dldτ
∣∣∣∣
≥
∣∣∣∣n3g
∫ t
t−ǫ
∫ ǫ
−ǫ
∂2G(q,p, t − τ)
∂t2
dldτ
∣∣∣∣−
∣∣∣∣
∫ t
t−ǫ
∫ ǫ
−ǫ
(n1, n2, 0) · q− p
R
∂G(q,p, t− τ)
∂R
dldτ
∣∣∣∣
≥ −g|n3||t2|2 −
[
2g|n3|
U2+
ln(t− τ)
]τ=t−0
τ=t−ǫ
+O(ǫ2)− 8ǫg2
(
2
U−
(
1 +
|t1|
|t2|
))3
1 +
√
2|t1|√
|t2|U−
= −g|n3||t2|2 −
[
2g|n3|
U2+
ln(t− τ)
]τ=t−0
τ=t−ǫ
+O(ǫ) (35)
9
for ǫ > 0 sufficiently small. This implies the unboundedness of the integral (35) since
− ln(t− τ)|τ=t−0τ=t−ǫ = lim
τ→t−0
(− ln(t− τ) + ln ǫ) = +∞
and hence shows the ill-posedness of the boundary integral equation (10).
4. Conclusion
The linearised problem of a surface piercing body advancing at a dynamic speed is known
to be modelled by the source formulation (9) defined by time domain free surface sources
integrated on the wetted body surface and the waterline contour (see, for example, [14]). To
find the velocity potential of the hydrodynamics problem one has to evaluate the strength σ
of the sources to be obtained by the boundary integral equation (10) together with normal
velocity boundary condition (7).
The present study shows that boundary integral equation (10) is ill-posed since the
waterline integral of (10) is infinite for the field point q approaching to the waterline when
the body surface SB at q is not perpendicular to the mean water surface.
It is popular to move the field point q down from the free water surface to approximate
the waterline integral in earlier studies. However, the ill-posedness of the waterline integral
shows the approximation to be unrealistic.
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